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Abstract
We establish a companion result to a classic theorem of Erdo˝s and Gru¨nwald on the maximum of the
fundamental functions of Lagrange interpolation based on the Chebyshev nodes.
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Let Tn(x) := cos(n arccos x) be the Chebyshev polynomial of degree n, with roots
xk,n := cos tk,n, tk,n: = 2k − 12n π, k = 1, . . . , n.
Further let
ℓk,n(x) := (−1)
k+1 cos nt sin tk,n
n(cos t − cos tk,n) , x = cos t, k = 1, . . . , n (1)
be the fundamental polynomials of Lagrange interpolation based on the Chebyshev nodes. Erdo˝s
and Gru¨nwald proved the following theorem.
Theorem A (Erdo˝s–Gru¨nwald [1]). We have
|ℓk,n(x)| < 4
π
, |x | ≤ 1, 1 ≤ k ≤ n, n = 1, 2, . . . . (2)
E-mail address: szabados@renyi.hu.
0021-9045/$ - see front matter c⃝ 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jat.2011.02.008
592 J. Szabados / Journal of Approximation Theory 163 (2011) 591–594
Moreover,
lim
n→∞ ℓ1,n(1) = limn→∞ ℓn,n(−1) =
4
π
. (3)
The limit relation (3) implies that (2) is sharp. With the notation
Mn(x) := max
1≤k≤n
ℓk,n(x), |x | ≤ 1
it follows from Theorem A that
lim
n→∞ max|x |≤1
Mn(x) = 4
π
.
Once this value is found, it is natural to ask for the behavior of the minimum of this function.
In this connection we prove the following theorem.
Theorem B. We have
lim
n→∞ min|x |≤1 Mn(x) =
2
π
cos
2−√3
2
π = 0.580 . . . . (4)
Proof. First we prove a lower estimate for Mn(x). By symmetry, we may assume that 0 ≤ x ≤ 1.
We distinguish three cases.
Case 1: x1,n ≤ x ≤ 1. Then evidently Mn(x) ≥ ℓ1,n(x) ≥ 1, which is bigger than the
right-hand side of (4).
Case 2: x4,n ≤ x ≤ x1,n . Let xk+1,n ≤ x ≤ xk,n, 1 ≤ k ≤ 3. There exists a unique
xk+1,n < yk,n < xk,n such that ℓk+1,n(yk,n) = ℓk,n(yk,n). Using (1), an easy calculation yields
yk,n = sin tk+1,n cos tk,n + cos tk+1,n sin tk,nsin tk,n + sin tk+1,n =
cos kπn
cos π2n
.
Now if ℓk,n(yk,n) ≥ 1, then
Mn(x) ≥ ℓk,n(x) ≥ 1, xk+1,n ≤ x ≤ xk,n,
and we are done just like in Case 1. If ℓk ,n (yk,n) < 1, then
Mn(x) ≥ max(ℓk+1,n(x), ℓk,n(x)) ≥ ℓk,n(yk,n) = |Tn(yk,n)| sin tk,nn(cos tk,n − yk,n) (5)
= |Tn(yk,n)|
n
· sin
2k−1
2n π cos
π
2n
cos π2n cos
2k−1
2n π − cos kπn
= 2|Tn(yk,n)|
n
· sin
2k−1
2n π cos
π
2n
cos k−1n π − cos kπn
= |Tn(yk,n)|
n
· sin
2k−1
2n π cos
π
2n
sin π2n sin
2k−1
2n π
= |Tn(yk,n)|
n
cot
π
2n
.
Here, by a well-known representation for Chebyshev polynomials,
Tn(yk,n) = Tn

cos kπn
cos π2n

= 1
2 cosn π2n

cos
kπ
n
+ i

cos2
π
2n
− cos2 kπ
n
n
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+

cos
kπ
n
− i

cos2
π
2n
− cos2 kπ
n
n
= 1
2

cos kπn
cos π2n
n 
1+ i zk,n
n
n + 1− i zk,n
n
n
where
zk,n :=
n

sin 2k−12n π sin
2k+1
2n π
cos kπn
, 1 ≤ k ≤ 3.
Evidently
lim
n→∞

cos kπn
cos π2n
n
= 1 and lim
n→∞ zk,n =
π
2

4k2 − 1, 1 ≤ k ≤ 3,
whence
lim
n→∞ Tn(yk,n) =
1
2

ei
π
2
√
4k2−1 + e−i π2
√
4k2−1

= cos

4k2 − 1π
2
, 1 ≤ k ≤ 3.
(The latter relation holds for any fixed k, but we need it only for k = 1, 2, 3.) Thus
lim
n→∞ Tn(y1,n) = cos
√
3π
2
= −0.912 . . . , (6)
lim
n→∞ Tn(y2,n) = cos
√
15π
2
= 0.980 . . . , lim
n→∞ Tn(y3,n) = cos
√
35π
2
= −0.991 . . . .
Since limn→∞ 1n cot
π
2n = 2π , hence and from (5) we get
Mn(x) >
2
π
|Tn(y1,n)| > 2
π
cos
2−√3
2
π − εn, x4,n ≤ x ≤ x1,n,
where limn→∞ εn = 0.
Case 3: xk+1,n ≤ x ≤ xk,n, 4 ≤ k ≤ n/2. Let xk+1,n < uk,n := cos kπn < xk,n , so that|Tn(uk,n)| = 1.
Case 3a: xk+1,n ≤ x ≤ uk,n . We may assume that ℓk+1,n(x) < 1, otherwise Mn(x) ≥ 1. Then
Mn(x) ≥ ℓk+1,n(x) ≥ ℓk+1,n(uk,n) = sin tk+1,nn(uk,n − cos tk+1,n)
= sin
2k+1
2n π
2n sin π4n sin
4k+1
4n π
≥ 1
2n sin π4n
>
2
π
.
Case 3b: uk,n ≤ x ≤ xk,n . Now we may assume ℓk,n(x) < 1, which implies
Mn(x) ≥ ℓk,n(x) ≥ ℓk,n(uk,n) = sin tk,nn(cos tk+1,n − uk,n)
= sin
2k−1
2n π
2n sin π4n sin
4k−1
4n π
>
2k − 1
4k − 1 ·
1
n sin π4n
≥ 14
15
· 2
π
= 2
π
· 0.933 . . . , 4 ≤ k ≤ n,
since sin usin v >
u
v
if 0 < u < v < π/2.
594 J. Szabados / Journal of Approximation Theory 163 (2011) 591–594
Collecting our estimates we obtain
Mn(x) >
2
π
cos
2−√3
2
π − εn, |x | ≤ 1 (7)
where limn→∞ εn = 0.
In order to get an upper estimate, we shall show that
Mn(y1,n) <
2
π
cos
2−√3
2
π + εn . (8)
By symmetry, it is sufficient to prove
ℓk,n(y1,n) <
2
π
cos
2−√3
2
π, 1 ≤ k ≤ n/2.
We get
ℓ1,n(y1,n) = |Tn(y1,n)| sin t1,nn(cos t1,n − y1,n) =
|Tn(y1,n)|
n
cot
π
2n
<
2
π
|Tn(y1,n)|, (9)
and
ℓk,n(y1,n) ≤ |Tn(y1,n)| sin tk,nn(y1,n − cos tk,n) ≤
|Tn(y1,n)| sin t2,n
n(y1,n − cos t2,n) , 2 ≤ k ≤ n/2,
since the function sin ty1,n−cos t is monotone decreasing in the interval (t2,n, tk,n). Hence an easy
calculation yields
ℓk,n(y1,n) ≤ |Tn(y1,n)|n cot
π
2n
<
2
π
|Tn(y1,n)|, 2 ≤ k ≤ n/2. (10)
Considering the first limit relation in (6), the inequalities (9) and (10) yield (8) which, together
with (7) proves (4). 
Remarks. 1. It is clear from the proof of Theorem A that max|x |≤1 Mn(x) is attained for
x = ±1. However, we do not know where min|x |≤1 Mn(x) is attained. It has to be “near”
the points y1,n .
2. It would be of interest to investigate similar problems in connection with the function
min1≤k≤n ℓk,n(x).
3. Results similar to Theorem A for the roots of certain ultraspherical Jacobi polynomials have
been obtained by Webster [3] and Erdo˝s [2]. Analogues of Theorem B in these cases remain
open.
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